(1) Theorie der algebraischen Gleichungen. In this paper Pόlya and Schur called a sequence Γ = {y k }t=o of real numbers a multiplier sequence of the first kind if Γ takes every real polynomial f{x) which has only real zeros into a polynomial Γ[f(x)] (defined by (2) ) of the same class. These authors termed a sequence Γ -{7j?= 0 of real numbers a multiplier sequence of the second kind if Γ takes every real polynomial f(x), all whose zeros are real and of the same sign, into a polynomial all of whose zeros are real. Thus, with this nomenclature, the aforementioned theorem of Laguerre states, in particular, that the sequence Γ = {Q(k)} k = 0 is a multiplier sequence of the first kind. We hasten to add that there are several other multiplier sequences of the first kind which are known to enjoy inequality (1) (see, for example, [12, Satz 5.8, Satz 5.13 and Satz 5.14]).
Zc(T[f]) <ί Z c (f)
In §2 we shall introduce a new family of multiplier sequences of the first kind which depend continuously on a parameter t (Theorem 2). With the aid of these sequences and one of our previous results (Theorem 1), we shall completely characterize all real sequences Γ = {y k } which satisfy the inequality
where / is an arbitrary real polynomial and where Γ[f] is defined by (2) (Corollary 4). Indeed, our main result, the fundamental inequality, (we will use this epithet to distinguish inequality (3) from the numerous inequalities that the reader will encounter in the sequel) asserts that if Γ is a multiplier sequence of the first kind, then inequality (3) holds for all real polynomials / (Theorem 3). We shall also discuss conditions when strict inequality holds in (3) (Theorem 4 and Theorem 5). At the end of this section, we shall show that, in a certain sense, inequality (3) is best possible. Section 3 is devoted to several applications and consequences of the fundamental inequality. Indeed, the various corollaries in this section demonstrate that inequality (3) serves as a unifying principle for many results of the type we cited above. In particular, in this section we shall extend the theorems of Laguerre (Corollary 11), Hermite-Poulain (Corollary 14), Pόlya and Schur (Corollary 7), Pόlya (Corollary 8 and Corollary 9) and Schur (Corollary 12).
2* The fundamental inequality* In [20] Pόlya and Schur provided both algebraic and transcendental characterizations of multiplier sequences. We begin this section with a brief review of the transcendental characterizations of these sequences. Let Γ = {TjJίU be a sequence of real numbers. Then in order that Γ be a multiplier sequence of the first kind, it is necessary and sufficient that the series Φ(x) = Σ (7 fc /&!)# fc converge in the entire plane, and that the entire function Φ(x) or Φ(-x) can be represented in the form
where σ ^ 0, x n > 0, ceR, ΣϊU #» * < °° and m is a nonnegative integer. In order that the sequence Γ be a multiplier sequence of the second kind, it is necessary and sufficient that the series Φ(x) -Σ(7*/A!)ίc fc converge in the entire plane, and that the entire function Φ{x) can be represented in the form
where a ^ 0, c, /3 and cc Λ are real, ΣϊU ^2 < °° an d w is a nonnegative integer. In the sequel we will adhere to the following nomenclature. A real entire function Φ is called a function of type II in the Laguerre-Pόlya class if it admits a representation of the form (5). Entire functions which admit a representation of the form (4) are termed functions of type I in the Laguerre-Pόlya class. The significance of the Laguerre-Pόlya class in the theory of entire functions (Levin [7, Chapter 8] ) is natural since Pόlya [13] has shown that functions of the type II, and only those, are the uniform limits, on compact subsets of the plane, of polynomials with only real zeros.
The inequality we shall establish in Theorem 3 may be derived from any one of several results that the authors obtained in connection with their investigations of the structure of certain real algebraic curves. In the present setting, it will be fruitful to use the following theorem that we proved in [3] . We remark that in the special case when / has only real zeros this theorem was first proved by Pόlya and Schur [20, p. 107 ] (see also Pόlya [15] or [1] ). With the aid of Theorem 1, we shall show below that a certain family of sequences which depend continuously on a parameter t is a family of multiplier sequences of the first 266 THOMAS CRAVEN AND GEORGE CSORDAS kind.
In order to facilitate our description of these sequences, we require some additional notation and terminology. For an arbitrary real polynomial f(x) of degree n, we define f*(x) = x n f(x~1). If m is a positive integer, we set
Then / w , also known as the multiplier sequence of Jensen, is a multiplier sequence of the first kind (see Levin [7] ). Hence, if Γ = {Taj, Ύ k ^ 0, is a multiplier sequence of the first kind, then it follows that the zeros of the polynomials is also a function of type I in the Laguerre-Pόlya class. Therefore, by the aforementioned transcendental characterizations of multiplier sequences, for each fixed to > 0, the sequence {flr*(t o )}ϊU is a multiplier sequence of the first kind.
Preliminaries aside, we shall now prove that for each positive integer m the sequence {g* im (t o )}ϊU, U > 0, constructed above satisfies inequality (3). 
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In particular Λ ttm is a multiplier sequence of the first kind. 
Zc([g m (D t )f(xt)] t = t0 ) tί Z c (f) .

Now a computation shows that
' k\ ml μ where μ = min (&, ra). In this formulation we added the stipulation that μ -min (k, m) since we allow the positive integer m to be less than the degree of /. If we replace in the right-hand side of the expression t 0 by t o m and x by m~xx, then the inequality on the number of nonreal zeros is preserved and thus we obtain where μ -min (k, m). That is, for each fixed t > 0,
Z c (f) .
Finally, if / has only real zeros, then the above inequality implies that Λ ttm [f] has also only real zeros. In particular, the sequence Λ Um is a multiplier sequence of the first kind. This completes the proof of Theorem 2.
• As a consequence of Theorem 2, we obtain the following fundamental inequality. THEOREM 
(The Fundamental Inequality),
Let Γ = {7&}i £=o be a multiplier sequence of the first kind and let f(x) = Σ£=o <*>k& k be an arbitrary real polynomial of degree n. Then
Proof. First we assume that y k ^ 0 for k = 0, 1, 2, . Then by Theorem 2 for each positive integer m, m > n and for each t 0 > 0 the following inequality holds Now we take the limit as m -> °o followed by the limit as ί 0 -> 0. Under these limiting processes the above inequality prevails by Hurwitz's theorem and thus we conclude that if y k ^ 0, then
Zc(Γ[f]) <ί Z c (f) .
Since Γ = {y k } is a multiplier sequence of the first kind the terms j k either all have the same sign or they have alternating signs. In the latter case we apply the above argument to the sequence {(-l)* +i 7*}?=o, where i = 0 if y 2k ^ 0 and i = 1 if y 2k+1 ^ 0. Thus, we see that inequality (6) remains valid if the terms y k have alternating signs and so the proof of the theorem is complete.
• REMARK. If Γ = {y k } is a multiplier sequence of the first kind, then the terms y k either all have the same sign or they have alternating signs. For reasons of convenience we shall often assume in the sequel that
is a function of type I in the Laguerre-Pόlya class, then so is the function Φ{-x).
The significance of inequality (6) is, in part, due to the fact that it extends the applicability of multiplier sequences of the first kind to the class of all real polynomials. In particular, we have solved here the following problem: characterize all real sequences Γ •= {j k } which satisfy inequality (6) for all real polynomials /. The solution to this problem is summarized in the following corollary. Proof. It is easy to see that if {γ fc } and {y' k } are any two multiplier sequences of the first kind, then the composite sequence {τ&7j fc} is also a multiplier sequence of the first kind. Thus, if we compose the multiplier sequence of Jensen, J n , with the sequence {n k } k and then compose this resulting sequence with {y k /k\} we obtain A. Therefore, we conclude that A is a multiplier sequence of the first kind. •ojΓmax -ίi-ΠΓmax Σ lfir*(i,)l 1
The strict inequality implies that P(t Q ) and a n a n g n {t ά ) have the same sign for each j. Thus, P(a ) has n sign changes and a fortiori n real roots ίor\a\>K. 
Z c (Γ[f(x + a)]) Φ Z c (Γ[f]) .
The elusive character of multiplier sequences Γ of the first kind is further underscored by examples which show that, in general,
where /*(#) = x n f(l/x) and f(x) is a real polynomial of degree n. In the remainder of this section, we shall demonstrate that in a certain sense inequality (6) 
(Γ[f]) ^ Z c (f).
But even if we impose on / the additional restriction that all of its zeros lie in the left half-plane (i.e., have nonpositive real part), inequality (6) may still fail as the following example shows. [4] .) As we shall see below, the principal leitmotif that underlies the various ramifications of inequality (6) is that this inequality serves as a unifying principle for many results of the type we cited in the Introduction.
Before we provide several generalizations of Theorem 1, we call attention to the following interesting partial converse of this theorem. If h(x) = Σϊ=o b k x k is a real polynomial and if for all polynomials / then h(x) has only real zeros. The proof of this assertion will be readily supplied by the reader.
Our first corollary shows that Theorem 1 remains valid if the polynomial h(x) in this theorem is replaced by an entire function of type I in the Laguerre-Pόlya class. 
If we let p n (x) = Σk=o\J£)gk(l)ttk% k f then the above inequalities imply that for each n 9 
Since the polynomials p n (x/n) converge uniformly on compact subsets of the plane to the entire function we conclude that
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But now a calculation shows that and thus the conclusion of the corollary follows.
•
The same type of argument establishes, mutatis mutandis, the validity of our next corollary. 
We pause here for a moment to examine the scope of the foregoing results. Let Γ [Φ] .
Thus, Corollary 9 asserts in this case that Z c (Γ {m) 
where Ψ is a function of type II in the Laguerre-Pόlya class and / is an arbitrary real polynomial. Now a fifty-year old conjecture (see, for example, Pόlya [17] , [18] and [19] and Wiman [26] ) asserts, when expressed in our nomenclature, that there is a positive integer m, sufficiently large, such that
Thus, this conjecture may be viewed as a special case of the more general problem we referred to in the discussion preceding Theorem 5.
We shall mention here a consequence of Corollary 9 which generalizes Theorem 3 and a theorem of Pόlya [14] in yet a different direction. Hence by Corollary 9 for each fixed t^Z c (f).
It is instructive to note that in the special case when t -0, Corollary 10 reduces to Theorem 3.
We shall now briefly describe the connection between Laguerre's theorem and Theorem 1 and Thus, the sequence {h(k)}ΐ =0 is a multiplier sequence of the first kind. In light of Theorem 3 it is clear now that the fundamental inequality is an extension of Laguerre's theorem (for other kinds of extensions of Laguerre's theorem, see [16] ). Indeed, there are real polynomials p(x), not all of whose zeros are real, for which the sequence {p(k)} k=0 is a multiplier sequence of the first kind (consider, for example, p(x) = 1 + x + x 2 ). The next corollary provides a method for constructing multiplier sequences of the form just mentioned. 
In particular, the sequence {fe(fc)}? =0 is a multiplier sequence of the first kind.
Since by assumption h(x) has only real negative zeros, we may invoke Theorem 1 and deduce that
On the other hand,
Consequently,
(t)Z c (f). Π
The observations introduced in the course of the proof of Corollary 11 allow us to reformulate Theorem 1 in terms of the differential operator θ and the polynomial h(x), where h(x) has only real negative zeros. That is, the inequality in Theorem 1 may now be written as
zMθ)f) ^ z c (f).
We hasten to add that the polynomial h(x) need not have any real zeros even if all the zeros of h{x) are real and negative (set h(x) = (1 + xf). However, if h(x) has only real positive zeros, then it is known [21, V, #185] that h(x) has also only real positive zeros. For related results about polynomials of the form h(x), where h(x) is an arbitrary real polynomial, we refer the reader to Pόlya and Szego [21, V, #182-188] and Obreschkoff [12] .
The remarkable properties of multiplier sequences were first derived from the Schur Composition Theorem [22] , [9] , [12] and [20] . Thus, in light of the foregoing developments, it is not sur-prising that the fundamental inequality also implies the following extension of the Schur Composition Theorem. 
Since the sequence {1/kl} is a multiplier sequence of the first kind, it follows once again from [24] and Weisner [25] just to mention a few, belong to the same circle of ideas that we have been investigating in this paper. (A clear account of these results is given in Marden [9, Chapter IV]; see also Obreschkoff [12, Chapter II].) However, these beautiful geometric theorems treat, for the most part, only the location of the nonreal zeros. In contrast, our results give information on the number of nonreal zeros of the composite polynomials. It is in this sense that the fundamental inequality and its consequences supplement the existing knowledge in the theory of distribution of zeros of polynomials and entire functions. Proof. Let h(x) = (x + αj -(as + αj, where a ό > 0, and form
